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Abstract Cartan’s equations of structure and Bianchi identities in the Uy theory of gravi-
tation are derived. The relativistic language we adopted is that of Newman-Penrose-Jogia
and Griffiths (NPJG). A number of important properties which arise in the development of
basic equations are also presented in the NPJG formalism. It is hoped that the essence of
non-Riemannian geometry can be summarized by exploiting these equations.

Keywords Newman-Penrose tetrad formalism - Jogia and Griffith formalism - Cartan’s
equations of structure - Einstein-Cartan theory of gravitation

1 Introduction

The theory of gravitation is known as Einstein’s General Theory of Relativity. This the-
ory enables us to understand the mysterious gravitational force through the geometry of the
space-time structure. It is described by Riemannian geometry in which the Christoffel sym-
bols are symmetric. Einstein-Cartan theory of gravitation is popularly known as Uy theory
of gravitation. The theory was originated by Cartan [1, 2] by considering the influence of
intrinsic spin of matter on the space-time; the same was not included in the Einstein’s Gen-
eral Theory of Relativity. The U, theory of gravitation is described by the non-Riemannian
geometry in which the Christoffel symbols are not symmetric. The non-Riemannian part is
described by the affine connections ! ; and are defined as

1 1 /
o, =T} — K/, (1.1)
where K is the contortion tensor satisfying

Ki(jk) = 0, and
r =rt (1.2
ij Ji
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The covariant derivative of a vector field A; with respect to the affine connections ! ;s
defined by

Ai;j = Ai/j + AlKj',’a where (13)
Aijj = Aij— ATl (1.4)

is the covariant derivative with respect to the symmetric Christoffel symbols.

The aim of the paper is to derive the equations of structure and the Bianchi identities
in the U, theory of gravitation. These equations summarized the essence of Riemannian
geometry. The techniques of differential forms, which prove to be more powerful and involve
enormous computational advantages resulting from the fact that the matrix of the coefficients
of the fundamental metric is constant, are exploited to derive these equations. The traditional
approach of tensors makes heavy use of Christoffel symbols which are 40 in number and
have no invariant significance under the change of co-ordinates in 4 dimensional space-time
of general theory of relativity. In differential forms, the role of Christoffel symbols is taken
care by connection 1-forms w;;, which have the property

wij:_wji (1'5)

so that there are only six components of w;; in 4-space as opposed to forty Christoffel
symbols. These components can be obtained usually very easily from d6* which latter can
be simplify the computation of the Riemannian tensor.

Null tetrad of Newman and Penrose [3], basic equations and key entities are presented in
Sect. 2. In Sect. 3, the Cartan’s equations of structure and Bianchi identities in the U, theory
of gravitation are delineated in NPJG formalism. A number of important properties which
arise in the development of the basic equations are also presented.

2 Null Tetrad

At each point of space-time of U, theory of gravitation a tetrad of four null vectors
ey =" n",m', m")

is constructed where /;, n;, m;, m; are Newman-Penrose complex orthonormal null vector
fields. Dual tetrad of vectors is defined by

() =
e,-a = (n;, l;, —m;, —m;)

such that
01 O 0
o i 1 0 0 0
naﬁ(= n ﬂ) =Cep)j = 00 0 1 (2.1)
00 -1 O
and
gij = nape, el (2.2)
= g,-j=ll-nj+n,-lj —min_zj—nﬁimj (23)
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This relation is commonly known as “completeness relation” for the tetrad. Our basis is
complex. Hence a real vector A; will have complex tetrad components.

Ay = Aiel, (2.4)

The condition for the tetrad components of a vector A; to be real is that

Al0% = A,0%,
where
0% = e,-(a)dxi (2.5)
are the basis 1-forms.
= dx'=06%, (2.6)
= dx'=0"1'+6n" +6°m' +6*m' (2.7)

2.1 Complex Basis for Real 2-Forms

Since 6% form the basis for all 1-forms and that 6% A 8# form a basis for all 2-forms, we
denote this basis as

Z'=0"=0'A0
Z? =07 — 0¥ =0"' A0%— 0% NG, (2.8)
73 =0% =—0* A O
Their complex conjugates are defined by
Z'=0"=0"'A0*
72 =02 4+06%=0"N0>+6° A0, (2.9)
73 =02 =—-0>r0>.
Each of these bivectors Z™ and Z™ (m =1, 2, 3) can be used as the basis of all 2-forms.
The advantage of using the notation Z™ is that the basis 2-forms 6% A % are six in number,

while Z has essentially 3 components. Each of the bivector Z” has expansion in tetrad
components as

1
Z'=-7),0" NP,
2
1 1 ¢3
Z =126,05.
Similarly, we obtain

7% =2(8,,85 — 8,04). and

(2.10)
3 _Hsd o2
Z7 = 126,85
Each of these bivectors Z™ is self dual satisfying
YZyp =1Zyg (2.11)
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and their complex conjugates Z™ are anti-self dual satisfying

YZh=—iZly, (2.12)

Tensor components of any bevector Z™ can be obtained by expressing it as a linear combi-
nation of its tetrad components. Then we have

Zjy = Zyey e
a) (B)
= 25[10/3;]6;[ eiﬂ
= Zy = 2npmg. (2.13)
Similarly, we obtain
Zp, = =2llyny) — mpiy, (2.14)
and
Zp, =2lmy) (2.15)
where
1 m znij mn
and
0O 0 1
y"=10 -2 0 (2.16)
1 0 O

Its inverse matrix y,,, is obtain from

and is therefore given by

(2.17)

=

Ymn =

— o O
o |
S O =

3 Equations of Structure in Einstein-Cartan Theory of Gravitation

The essence of Riemannian geometry is summarized in the equations of structure. These
equations relate the exterior differentials d6* to connection 1-forms w;; and dw;; to curva-
ture 2-forms €2;;. To derive these equations in the U, theory of gravitation we start with the
definition of Ricci’s coefficient of rotations as

Vapy = _e(a)i;_ieéﬁ)e{y> (3.1)
Using (1.3) we obtain

Vapy = Vapy + Kyap (3.2)
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where
— i L0k
Kapy = Kijkeia)¢(p)¢(y) (3.3)
are the tetrad components of the contortion tensor satisfying

Kapy) = 0.

Here and in the following the over head zero indicates the quantities in Einstein theory of
gravitation.
Now taking the exterior derivative of the basis 1-forms 8 we obtain

do* = ef)dx’ Adx'
= do*=yg, 60" nE” (3.4)
Consequently, using (3.2) we get

d6° = —y6” NOP + K5 6° AOY or

(3.5)
do* = - NP + T
where
oy =ygeb” (3.6)
are components of connection 1-forms and
T =K} 6% A7 (3.7)

are 2-forms. Equation (3.5) is the Cartan’s first equation of structure in the U, theory of
gravitation.

If Qgp are the tetrad components of the curvature 2-form in Uy theory, then Cartan’s
second equation of structure becomes

1
Qup = = Rapys0” NO° = Q05+ Keop T + [de,g + n”p{

0 0
: Keopwy, — Koap®pe— }:| N

_Ksocpwgﬂ - Keap Kéaﬂea
(3.9)
where

Qg =dwg, + 0" wh, Ao, (3.9)

is the Cartan’s second equation of structure in Einstein’s theory of gravitation. The contor-
tion components K,g, are the quantities by which the curvature 2-forms differ from their
values in a Riemannian space-time, and

Wap = 0oy + Kyapb” (3.10)
3.1 Newman-Penrose-Jogia-Griffiths Concomitants of Equations of Structure
Analogous to the ‘amazingly useful Newman-Penrose [3] formalism for Einstein’s theory of

gravitation, Jogia and Griffiths [4] have developed a null formalism for studying Uy theory of
gravitation. We adopt Jogia-Griffiths formalism for the description of equations of structure
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in the Uy theory of gravitation. We refer the formalism as Newman-Penrose-Jogia-Griffiths
(NPJG) formalism for the Uy theory of gravitation.
In terms of the connection 1-forms, the first equations of structure are
do' = —(0) + ) NO' —GING —od NG+ T,

do* = (0) +3) N>+ o) N0 +6) A0+ T,

3_ -0 1_ 0 2, 0_ -0 3 3 (.1
d0’ =0 NO — 03 NO°— (0, =0, ) NO"+T7,
do* =a) NO' —G) ANO* + (o) — 59 N0+ T,
where
01:—601320'1()+011,
Ulz—z(wlz—wm)zdzo-i-ﬁzl, (.12)

0 1
03 =Wy =03 +03.

The contravariant suffix 1 indicates that these terms arise due to intrinsic spin of matter in
the U, theory of gravitation and are defined by

ol =10" + 1160% + 070 + p,6*,
ol =10 +7,6% + p10° + 5764,
0y =&10' + 110>+ B160° + a16*,

-1 _ 1 - 2 _ 3 > 4 (3133.)
0, =&10" +y10°+a16° + 167,
o3 =m0' +v,10* + 116 +1,6%,
&3 =m0 +010% + 16" +1,6°,
and
o) = —a), =0 +1°9% + %6 + p°*,
1
oy = _E(“’?z —)) =" +y°0% + 07 + o"6%, (3.13b)
o) =w), =7°0" +°0% + 1°0% 4 1%*,
and
T'= i+ 70 + @ + 1 — 70" + (a1 + B — 10" — 1,67
— 0% — (g — un)o™,
T2 = (614502 + 1,0 + 10" + (v —a; — B
+ (71 — oy — BO* — (o1 — PO,
(3.14)

T3 =— (T +m)0"7 + (& — &1 — 5O + 670" + (w1 — 1 + 71067
+110% + (a1 — B1OY,

T = —(1; +71)0" — 070" + (61 — &1 — p1)0'* + 1,67
+ (1 — 71+ )0 + (@ — B,
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or equivalently,

=0 +n+7+ 07+ @+ + B+ g -7’ — o
+ @ +ar+ B0+ B — 7’ =)™ — (00 +11)6% — (v° + 6™
— 4+ == e
02 = ("4 &1+ +2)07 + (& + k)0 + (©° + &)o'
+@ "+ —a’—a B - P+ T+ 7 —a’ —a — B — BO*
— (0" +p1 — " — o

do® = -2’ +m + 2+ )07 — (0" + o1 + %+ 61 — 8" — )" — (6 +57)0"

(3.15)

+ 1+ =y’ =+ 70+ 70 + W+ 10 + (@ o — B — o™
do* = -7+ 7+ 10+ 107 — (0 + 010 — (P + o1 + 8+ 5 —e® — 0™
+ RO HAO7 + @+ =7 =+ e = @ @ - B - e
The exterior derivatives of bivectors are
dZ' =200 NZ' — ) AN Z% — (1 — 210" — 110" + () — 20)0"* + 0%,
dz* =200 NZ' =200 A Z° —271,0' + 27,0 + 29,0 — 24,67, (3.16)
dZ° =00 NZ* +20) N Z° + 070" + (p) — 2€1)0'** — k10" — (7, — 28))6%*
Equivalently, we also write these equations in the form
dz! = —(MO + g — 2)/0 _ 2)/1)9123 _ (AO +A1)9'24 + (no +y - 20° — 2051)9134
+ (0 + )oY,
d7? = =2(° + 10" + 2" + 7)0 " +2(0° + p)O" —2(1° + )6, (3.17)
Z3 — (G*O +O_1>k)9123 + (pO +,01 _ 280 _ 281)9124 _ (KO +K1)9134
— @+ —28° - 286
The differentials of the basis three forms are similarly obtained as
do'B = —(0) =) AO'P =G0 A0 — o) AOP 4 (71 — iy + 1 — B,
do124 — (G _ 0) N +‘710 AQLH +530 N @ — B +1 _7_—[1)91234’ -
d9134 30 9123 _03 /\9124 _ (0.20 +5'20) /\9134+ (Vl +)71 - —ﬂ1)91234,
d9234 _ 0'0 /\9123 1()/\9124+ (0,20 +6’2) /\9234+ (81 +§l — P _151)91234
From these equations we obtain
0'ANdZ' = (V0 +v,)0' %, 0> ANdZ' = 2a° 4+ 20 — 70 — 7)0'%,
P AdZ' = —(10 4 11)0" >, 0*NdZ" = (u° 4y —2y° —291)0'%,
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91 /\dzz — _2(M0+M1)01234’ 92 /\de — _2(p0+p1)01234’

0} AdZ* =2(n" + 7,)01%4, 0* AdZ* =2(z" 4+ 1)),

' AdZ? =T+ 1, —28° —2B))0' %, 0*ANdZ> = —(® + i)' P4,

0 NdZP = (% +57)0', 0* NdZ? = —(p° + py — 28° —2&)0'P.
3.2 Cartan’s Second Equation of the Structure

We shall now derive the second equation of structure which connects the curvature 2-form
to the exterior differentials of the connection 1-forms. The second equation of structure, in
terms of the components become

¥ =2V +do! +20) Ao} —20) Aol +20] Aoy,
3= Eg—l—dazl —i—alo/\a31 —030/\011 +011 /\031, (3.19)
Y3 =X +do; +205) Aoy — 200 Aoy +20) Aoy,

where we have denoted

1
Y =—Q3, X = —5(912 —Q34), and X3 =Qu (3.20)
and
E? = —9?3 :dalo +2010 /\020,
1
)= —5(9?2 —-Q3,) =do) +0{ Aoy, (3.21)

) =Q) =do? +20) Aoy,

are the components of second equations of structure in Einstein gravitation theory [5].

Theorem If Qgﬁ are components of curvature 2-forms in Einstein’s theory of gravitation
and T are 2-forms, then

Qo AT =0.
Proof From Cartan’s first equation of structure in the U, theory of gravitation (3.5) we have
T =do" + wy* NP
Taking exterior derivative of this equation we obtain

dT* =dwy* A 6P — oy Ad6” (3.22)

Eliminating the term dwg” by using Cartan’s second equations of structure in Einstein’s
gravitation theory (3.8) we get

dT* = QY N6% —wp ATP,
where Q% A 6f =0.
B

= dT*=—-wy* ATP. (3.23)
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Taking exterior derivative of the above equation we get
dof NTP — o) AdTP =0. (3.24)

Eliminating dwg"‘ by using Cartan’s second equations of structure (3.8) and using (3.22) we
obtain

0 o
Qg ANT*=0.
However, note that
Qup AT #0,
but
Qup AT =[dKyap — Koap®) + Kyop0d” — Kyagy’ — K7, Kpgp0”1 A7 AT?
+ KyopT? AT?. O

3.3 Bianchi Identities

In Einstein-Cartan theory of gravitation, the Bianchi identities are obtain by taking the exte-
rior derivative of (3.19), we obtain

d¥, = dE(l)—l—Z(dalO /\021 —010 /\dazl) —2(dc720 /\(711 —(7; /\doll)

+2(do} Aoy —al Ado)) (3.25)
Using (3.18) and (3.10), we obtain after simplifying (3.25) as
d¥ =23%A0) =25, A0l =BV Aol +2% Aoy 4200 Aol Aoy —4da) Aol Ao,
Similarly, we obtain
d¥, =%, /\0304—21 /\(731 — 23/\010— 23 /\011 —1—2010/\011 /\cr31 —2010/\(721 /\031, (3.26)

and
d23:222/\0§)—223/\020+222/\0'31—223/\0'31,

In terms of bivector basis (Z”, Z™), the components of curvature 2-forms are given by

R _
X = (Cmn + Eymn)zn +EnZ", m,n=1,23, (3.27)
where
Yo Y1—¢o Y2—
Con=|V1i+do V2o—x Y3—¢ (3.28)
Yo+ Y3+ (7
and
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P00 —iOp P01 —iOg P2 — IO
Epn=|¢10—iOp ¢1—iO; ¢p—iBp (3.29)
020 —iOx ¢ —iOy ¢ —iO2

where ¢pap (A, B =0, 1, 2) are the familiar nine components of a Hermitian 3 x 3 matrix,
¢4 the three complex components and R the Ricci scalar together determine the 16 indepen-
dent components of Ricci tensor in Uy theory of gravitation. Also the five complex tetrad
components of the Weyl tensor, ® 45 are nine components of a Hermitian matrix and x is
a real scalar together determine the 20 independent components of the trace-free part of the
curvature tensor. All these quantities are defined in [4].

Now using the relation Q.5 = %Raﬁy(gQV A 0% and (3.27), we readily obtain the 36 inde-

pendent components of curvature tensor as

Rizp=—v2 — 2 — 211 + 24,
Riiy = —Y1 +i®19 — ¢10 — do,
Rizoa = Y3 +1O21 + ¢21 — ¢,
Rizia=—y1 +iO0 — ¢o1 + ¢o,
Ri314 = iOg0 — oo,

Rizos =Y — ¢1 + 24,

Riyin = =1 — i®19 — d1o + o,
Riga = —o,

Rig24 = iO30 + 20,

Rosin = V34O + ¢12 + b2,
Razia =V + 1 +2A,

Rozq = —iOn — ¢,

Ros1a = Y3 —iO21 + ¢21 + ¢2,
Roq14 = —i®0 + ¢o,

Rogog = —,

Ry =2 — ¥ —2i0y —2ix,
Rsqis = —V1 —i®10+ ¢10 — o,

R3pa = —Y3 + 1Oy + ¢ + ¢,

Ri213 = =1 — iO1 — do1 + ¢,
Rz =3 —iO1 — ¢ + dna,
Rigsu = — Y0 +2i0y; —2iy,
Ri313 = =,

Ri303 = —iOp2 + do2,

Ri33a = Y11 +1O01 — Po1 — o,
Rya13 = —iB®gp — oo,

Rigz =Y — ¢ +2A,

Rigzs = =1 +iO19+ d1o + do.
Ry313 =100 + ¢o2,

Ryzos = — .

Ryszu =13 —iO1 — 1o + 2,
Roaiz =¥ + @1 + 24,

Rour3 = 1Oy — ¢,

Roza = =3 — 1O + 21 — ¢,
R3q13 = Y1 —iOo1 — ¢o1 + o,
Ras = U3+ i1 — ¢1o — 2,

Rigza = —Y2 — Yo + 211 +2A.

(3.30)
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The trace free part of the Weyl tensor has components

Cii=Cuy= (=Y +ix —i®) +c.c. Cii3 =—Cin4 =~V — Oy,

Ciaia = Craza = —Yn + 10, Cios = Cozaa = V3 — Oy,

Crooa = —Cop34 = Y3 +i 0Oy, Cioza =V — ¥ +2i0; —2iy,
Ci3io=—Cxni3=—Y1 +i0Qq, Ciz13 = —,

Ci314 = —Cia13 = i Oqy, Ci33 = —Caz13 = —i Oy,

Ciaa = Couiz = V2, Ciarz = C3q14 = =V — Oy, (3.31)
Ciaa = —0, Cian3 = Co314 =V,

Ciana = —Crq14 = i Oy, Cosin = Cap3 = VY3 +i01,,

Cons = . Cosna = —Chapz = —i O,

Corr = —Crpa = Y3 — Oy, Coans = —a,

Caan =1V — ¥ — 20 —2iy.
The Weyl tensor Cy;j in tetrad components is expressed as
Chijk = [_\”422”‘ Zjl'k + ¢3(Z;]”‘ Zik + ZZ,‘ Zjl'k) - ‘pZ(Z;]u‘ Z?k + Zﬁi ij'k + Zi?i Zjl'k)
+ ¥ (leli Z_?k + Zii Z]2'k) - wozii Zj3'k + i®0022i Z;k +i0q (213:' Z;k - Zi3u' Z?k)
+iO(ZyZh + ZyZh) +iOnZ5 25 —iOn(Zy 2y — 2, Z5)
+i®nZy Zy +2ix Zi Z5 ] + [cc] (3.32)

where c.c. denotes the complex conjugate of earlier term.

4 Conclusion

The Cartan’s equations of structure, the Einstein field equations and the Bianchi identities
are derived in Einstein Cartan theory of gravitation by using the technique of differential
forms. These equations are transcribed in the NPJG formalism. It is hoped that the essence
of non-Riemannian geometry can be summarized by exploiting these equations. The expres-
sion for the Weyl Curvature tensor is also derived explicitly. It is worth to note that when the
components of contortion tensor are zero the results reduce to the results of Einstein theory
of gravitation.
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